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1. Introduction and Statement of Results 

In this paper we continue the study of the distribution of the fractional 
parts {07} initiated by the first and third authors in [3], where a is a fixed 
positive real number and 7 runs over the positive ordinates of zeros of the 
Riemann zeta function C(s)- We extend and generalize the results from 
[3] in several directions, establishing connections between these fractional 
parts, the pair correlation of zeros of C,{s) and the distribution of primes 
in short intervals. It is known [9] that for any fixed a, the fractional 
parts {07} are uniformly distributed (mod 1). That is, for all continuous 
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functions / :¥—>■€, as T—^-oo we have 

5^ f{aj)=N{T) j f{x)dx + o{N{T)). (1.1) 

0<7<T •''^ 

Here T is the torus M/Z and N{T) denotes the number of ordinates 
< 7 < T; it is well-known that 

iV(r) = ^iog^ + o(iogr). (1.2) 

We are interested in the lower order terms in the asymptotic (1.1). For a 
general continuous function / the asymptotic (1.1) can be attained arbi- 
trarily slowly so that no improvement of the error term there is possible. 
But if we assume that / has nice smoothness properties then we can iso- 
late a second main term of size about T. More precisely, we define the 
function : T ^ C as follows. If a is not a rational multiple of for 
some prime p, then is identically zero. If a = some rational 

number a/q with (a, q) = 1 then we set 

/ x logp^'T^ e"^'^*'^'^^ (p"/^ cos27rgx — 1) logp ,^ „, 

^ ' 7r(p«-2p«/2cos27rga;-M) ^ ^ 

Then, we expect (for suitable /) that as T — oo 

f{a^) = N{T) I f{x)dx + T I f{x)ga{x)dx + o{T). (1.4) 

0<7<T "^"^ '^'^ 

As remarked above, certainly (1.4) does not hold for all continuous func- 
tions /. In Corollary 2 of [3], it is shown that (1.4) holds for aU / G C2(T), 
and if the Riemann Hypothesis (RH) is true then (1.4) holds for all ab- 
solutely continuous functions / (sec Corollary 5 there). Moreover it is 
conjectured there (see Conjecture A there) that (1.4) does hold when / 
is the characteristic function of an interval in T. 

Conjecture 1. Let I be an interval of T. Then 

Y l = \l\N{T)+T I g^{x)dx + o{T), 
o<7<r ■'^ 



uniformly in I. 
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We define the discrepancy of the sequence {07} (for < 7 < T) as 

1 



Da{T) = sup 



N{T) 



E 1- 



0<7<T 
{aj}el 



where the supremum is over all intervals I of T. Unconditionally, Fujii [4] 
proved that Dc,{T) < for every a. On RH, Hlawka [9] showed 

that Da{T) <C which is best possible for a of the form ([3], 

Corollary 3). Conjecture 1 clearly implies the following conjecture for the 
discrepancy (see Conjecture A and Corollary 6 of [3]). 

Conjecture 2. We have 



iV(T)T 



g^{x)dx\+o{^). 



Even assuming RH, we are unable to establish Conjectures 1 and 2. 

We show here some weaker results towards these conjectures, and how 
these conjectures would follow from certain natural assumptions on the 
zeros of C(s), or the distribution of prime numbers. 

Theorem 1. (i) We have unconditionally 



Da{T) > 



ga{x)dx 



+ 



logT 



E 



(a) Assuming RH, for any interval lofTwe have 

I l-miT)-T fgaix)dx\<^T + o{T). 

0<7<T 
{a-y}el 

The left side of (1.1) depends strongly on the behavior of the sums 



0<7<T 



X 



,17 



rp2 

Conjecture 3. Let A> 1 be a fixed real number. Uniformly for all ^^^^^^5 < 
X < we have 



E 

o<7<r 



X 



,«7 



o{T). 



(1.5) 



Theorem 2. Assume RH. Then Conjecture 3 implies Conjectures 1 and 
2. 
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Remarks. Assuming RH, (1.5) holds for x ^ oo andx = o(T2/ log^ T) 
as T ^ oo by uniform versions of Landau's formula for X]o<7<T''^^ i^'^]- 
For example, Lemma 1 of [3] implies, for x > 1 and T > 2, that (uncon- 
ditionally) 

where Ux is the nearest prime power to x, and the main term is to be 
interpreted as —T^^^ if x = Ux- This main term is always <C Tlogx. On 
RH, divide both sides of (1.6) by x^^^ to obtain (1.5). Unconditionally, 
one can use Selberg's zero-density estimate to deduce 



^ (^n_^P-i/2. 

0<7<T 



Tlog^(2a;) 
logT 



see e.g. (3.8) of [3]. This gives (1.5) when logx = o{^/log T). 

We next relate Conjecture 3 to the distribution of primes in short 
intervals. 

Conjecture 4- For any £ > 0, if a; is large and y < x^~'^, then 
ip{x + y)- tp{x) = y + o(x2/loglogx). 

Theorem 3. Assume RH. Conjecture 4 implies Conjecture 3, and hence 
Conjectures 1 and 2. Conversely, if RH and Conjecture 3 holds, then for 
all fixed e > 0, large x and y < x^~^ , 

tp{x + y) — ip{x) = y + o{x2 logx). 

Remarks. Whereas the behavior of the left side of (1.6) is governed 
by a single prime when x is small, for larger x the sum is governed by the 
primes in an interval. It has been conjectured ([16], Conjecture 2) that 
for x^ < h < x^~^, 'tp{x + h) — '(p{x) — his normally distributed with mean 
and variance hlog{x/h). Thus, it is reasonable to conjecture that for 
every e > 0, 

i/;{x + y)-^{x)-y<^ey^^^x' (1 < y < x), (1.7) 

a far stronger assertion than Conjecture 4. It is known that RH implies 
tlj{x) = x + 0(x^/2 log^ x) (von Koch, 1900). 

A statement similar to the second part of Theorem 3 has been given 
by Gonek ([7], Theorem 4). Assuming RH, Gonek showed that if 

0<7<T 
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holds uniformly for all a;,T > 2 and for each fixed £ > 0, then (1.7) 
follows. 

We also want to describe how to bound the sum X]o<7<T •^^''^ terms 
of the pair correlation function 

0<7,7'<r ' ' 

Such bounds have been given by Gallagher and Mueller [5], Mueller [17], 
Heath-Brown [8], and Goldston and Heath-Brown [6]. First we state a 
strong version of the Pair Correlation Conjecture for C(*)- 

Conjecture 5. Fix a real number A> 1. Uniformly for all (i^x)*^ ^ x < 
we have 



Hx, T) = N{T) + o j (T ^ oo). 

Theorem 4. Assume RH. Then Conjecture 5 implies Conjecture 3, and 
therefore also Conjectures 1 and 2. 

Remarks. The original pair correlation conjecture of Montgomery 
[14] states that 

T{x,T)^N{T) (T^oo) 

uniformly for T < x < T^, where A is any fixed real number. Tsz Ho 
Chan [1] has made an even stronger conjecture than Conjecture 5, namely 
he conjectured that for any e > and any large A > 1, 

jr(x, T) = N{T) + o (r^-^i) 

if T^+^ < X < r^, where ei > may depend on e, and the implicit 
constant may depend on e and A. 

In the next section, we prove Theorems 1-4. In section 3 we discuss 
analogous results for general L-f unctions. 



2. Proof of Theorems 1—4 

Proof of Theorem 1 (i). Let I denote an interval of T for which | Jj {x)dx\ 
attains its maximum. Let e be a small positive number, and let h^ :T ^ 
M be a smooth function satisfying /ie(x) > for all he{x) = for 
e<x<\, and J,^ he{x)dx = 1. Set f{x) = K{y)xi{x - y)dy, where xi 
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denotes the characteristic function of the interval I. Then / is smooth, 
and so (1.4) holds for /. Therefore 



[ K{y)( V l-N{T)\I\)dy = T r h,{y) [ g^{x)dx dy + o{T). 

JT ^ nJ^r^'r -'0 Jl+y 

(2.1) 



0<7<T 
{a7}Gl+2/ 



By (1.3), Qa is bounded and it follows that 

ga{x)dx - I ga{x)dx\ <C e 



for < y < £. Therefore the right side of (2.1) equals 

T I go,{x)dx + o{T) + 0{eT). 
Ji 

It follows that for some choice of y G (0, e) one must have 

I J2 1-N{T)\I\\>t\ l'ga{x)dx\+o{T) + 0{eT). 

0<7<T •'^ 

Letting e — ^ 0, we obtain our lower bound for the discrepancy. 
Proof of Theorem 1 (ii) and Theorem 2. Let 



h{u) 



1 {u} G I 
else 



and let J be a positive integer. There are trigonometric polynomials 
and depending on J and I, satisfying 

h'{u) < h{u) < h+{u) (u € M), 



h^{u) = cTe 



j 

\j\<J 

4 = |i|±j^. ic*i<il o>i). 



For proofs, see Chapter 1 of [15], for example. These trigonometric poly- 
nomials arc optimal in the sense that with J fixed, |c^ — |I|| cannot be 
made smaller. We have 

J2 h-{a^)< E 1^ E ^^("^)- 

0<7<T o<7<r o<7<r 
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For integers j, let xj = e^'^^"' and for positive j put 



Vi 



2Trxy^ zlog(xj/n^.) 



Also define V-j = Vj. By (1.6), for nonzero j we have 



o<7<r 
This will be used for 



1 < IjI < ^0 := 



2iogr- 5iogiogr 

2Tra 



Suppose that J > Jq- We obtain (implied constants depend on a) 



h^{aj) = 4N{T)+ Y 4 E 



If 



0<7<T 



i<|j|<j o<7<r 



c^N{T) + 2^ Y c 



l<j<Jo 



Vj + 0{xy^ log2 T) 



Jo<\j\<J 



J7 



0<7<T 

N{T) 



where the term o{T) is uniform in I. If a = for a prime p and 

coprime positive a, q, then Xj = jf^l'^ and consequently 

^ riogp 

for nonzero integers k. Thus, 

Y4^j = '^ [ ^^9.. 

(l\3 



If q\ j, then is not an integer. Hence 



9ij 



i<bl<^ 



^> - 1 



iriog(xj/n2 
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The sum on the right converges uniformly in T, and each summand is 
0(1) as r — > cxD, hence the left side is o{T). We conclude 

J24^J=^ I h^9a + o{T). (2.2) 

When a is not of the form Xj is never an integer (for nonzero j), 

and a similar argument yields (2.2). Since h — has constant sign, 

I (h-N^)ga <m.WL\ga{x)\ / \h-h'^\ = — — < 



logT' 



Therefore, 



h^{aj) = \I\N{T)+Tl^hga+o{T)±^ 



0<7<T 



Jo<\j\<J ^'-^'^ 0<7<T 



«7 



For Theorem 1 (ii), we take J = Jq. For Theorem 2, take J = [AlogTj 
with A fixed, and then let A 00. 



Proof of Theorem 3. We first construct a function F which is a good ap- 
proximation of the characteristic function of the interval [0, 1] and whose 

Fourier transform is supported on [—K,K], where is a parameter to 
be specified later. Consider the entire function 

TT( \ _ ( sinvTzV ^ ^1 2\ 

(^_„)2 -z-;(^+„)2 + -J 

^ ' ^n=l ^ ' n=l ^ ' ' 

for complex z, and set 

^^^^ ^ H{Kz)+H{K-Kz) ^ 

The function H{z) is related to the so-called Beurling-Selberg functions, 

and basic facts about H can be found in [23]. In particular, for real x, 
(i) H{x) is an odd function; (ii) the Fourier transform H is supported 
on [—1,1]; (iii) H[x) = sgn(x) + 0{jj^^), where sgn(x) = 1 if x > 0, 

sgn(x) = — 1 if X < and sgn(O) = 0; (iv) H'{x) = 0{j^^). Item (iii) 

follows from (2.26) of [23] and the Euler-Maclaurin summation formula, 
and (iv) follows from Theorem 6 of [23] . Let / be the indicator function of 
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the interval [0, 1]. It follows that the Fourier transform F of F is supported 
on [—K,K] and 

Since 

"1^ g— 27rit 



m 



2Trit ' 

it follows readily that F{t) <^ 1, uniformly in K, and 

~ ^ U-oo 1 + ^3^ + l + i^3|l_^|3 '^^J 

Next, let T > 2 and T < a; < T^. Write 

0<7<r |7|<a; |7|<j; 

By (1.2) and (2.3), the second sum on the right is 
< N 1^1 + (n(t+^]-n(t- 



KJ \ \ KJ \ K 
^ kA ^ |7|3 + ^ |7-T|3 



TlogT 

Also, 

fir 



|7|<a; 
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where the last Une fohows from the previous hne using integration by 
parts. The final sum on 7 is evaluated using the explicit formula (see e.g. 
PI, §17) 

G(.) := ^(.) - . = - 5: + O (logx + -JSipl) , (2.4) 

|7|<M P ^ / 

valid for X > 2, M > 2. Since 

i-K 



l^e— /T ^F\^^_lLF(y^^ dv = 0, 



we obtain 



J2 x^F{j/T) = I F'{v) (G(xe2WT) _ gf^^)^ 

+ o(^k(i+ Tar-^/^) log^ . 



Altogether, this gives 



T logic 



h\<T 



max \G(y) — G(x) 



+ 



K 



Take K = log^ T and assume Conjecture 4. The first part of Theorem 3 
follows. 

The second part is straightforward, starting with the explicit formula 
(2.4) in the form 

^{x + y) - V(x) -y = -Y^ {x + yy-xP ^ ^^^^^2 

|7|<x ^ 

Fix e > and apply Conjecture 3 with A = 2/e. By partial summation, 

I V ^ =25i V ^ 
\ ^ p ^ p 



< 2x^1'' 



2 ' 0<7<a; 

= o(a;^/^ logx). 



x^'^dt 



0<7<t 
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The smaller zeros are handled in a trivial way. We have, ioi y < x, 
{x + yY-x'^ = x^ (^f + ^(^))' 

whence 

+ vY - xf ^ ^^^e/2y/2 (y^ ^s/2y^\ «a;Mlogx. 

Therefore, tp{x + y) — tp{x) — y = o{x^/'^ logx), as claimed. 

Proof of Theorem 4- It will be convenient to work with the normalized 
sum 

^^'^ N{T) • 
Lemma 1. Suppose T > 10 and 1 < f3 < 2\IgT - '^hen 



0<7<T 



<7<T \ / \ ;ai3^<t<r 

>o 

X) 

(\ 1/2 
1+ max \V{x,t)\] +r(/31ogT)V2 

x( max max |P(a;e", i) + P(xe~", i) - 2P(a;, i)| ) 

V^T^<t<r 0<«<ilog(/31ogT) / 

Proof. We follow [6] by estimating X^o<7<T ^^''^ '^^ terms of 

0<7,7'<T ^ ^ ' ' ^ 

In particular, Gi{x,T) = T{x,T), and by (1.2), we have Gi3{x,T) <C (1 + 
/3)Tlog^ T. By Lemma 1 of [6], uniformly for 1 < /? < T and 1 < F < T, 
we have 

^ x^^<^(Tp-'m^Gp{x,t)y^' 

0<7<T - (2.5) 

TloffT / 1 \i/2 
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Using Lemma 2 of [6], we have 

/CX) 
J^{xe'',t)e-^'^\'^\du 
-co 

/oo 
-oc 

from which the first inequality in the lemma follows upon taking V = 
f3 log T. For the second inequality, combine the terms in the integral with 
u = V and 'U = — 'uforO<t;< i^sC^^^Zl^ a^fi the trivial bound 

V{z,t) < logt when \u\ > i°g(y^) {z = x and z = xe"). 

In order to finish the proof of Theorem 4, suppose that logT < (5 < 
log^T. Prom Conjecture 5 it follows that the terms I>(xe",i), V{xe~'^,t), 
and t), in the ranges from the statement of the above lemma, are all 
of the form 1 + o ((logT)"^). Therefore, 




Thus, taking /3 slightly larger than logT produces the desired result. 



3. General L-functions 

Consider a Dirichlet series F{s) = X^^i satisfying the follow- 

ing axioms: 

(i) there exists an integer m > such that (s — l)"*F(s) is an entire 
function of finite order; 

(ii) F satisfies a functional equation of the type: 

#(s) = w^{l - s), 

where 

r 

Hs) = Q'llr{Xjs + fij)Fis) 

j=l 

with Q>0, Xj > 0, > and \w\ = 1. (Here, /(s) = /(f)); 

(iii) F{s) has an Euler product, which we write as 

F' ^ _ 
- — {s) = }_^AF{n)n ^ 

n=l 

where Ap^n) is supported on powers of primes. 
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We also need some growth conditions on the coefficients apin) and 
Ap(n). Although stronger than we require, for convenience we impose the 
conditions (iv) AF{n) <C n^^ for some Op < and (v) for every £ > 0, 
apin) <Ce n^. Together, conditions (i)-(v) define the Selberg class S of 
Dirichlet series. For a survey of results and conjectures concerning the 
Selberg class, the reader may consult Kaczorowski and Perelli's paper 
[10]. In particular, S includes the Riemann zeta function, Dirichlet L- 
functions, and L-functions attached to number fields and elliptic curves. 
The Selberg class is conjectured to equal the class of all automorphic 
L-functions, suitably normalized so that their nontrivial zeros have real 
parts between and 1. 

The functional equation is not uniquely determined in light of the 
duplication formula for F-function, however the real sum 

r 

is well-defined and is known as the degree of F. Analogous to (1.2), we 
have (cf. [22], (1.6)) 

NpiT) = \{p = p + i^: F{p) = 0, < /3 < 1, < 7 < r}| 

dp (3.1) 

= /Tiogr + cir + o(iogT) 

for some constant ci = ci{F). A function F E S is said to be primitive 
if it cannot be written as a product of two or more elements of S. We 
henceforth assume that F is primitive. The extension of our results to 
non-primitive F is straightforward. It is expected that all zeros of F with 
real part between and 1 have real part ^, a hypothesis we abbreviate 
as RH^;'. Although we shall assume RH^ for many of the results in this 
section, sometimes a weaker hypothesis suffices, that most zeros of F are 
close to the critical line. 

Hypothesis Zp. There exist constants A > 0, B > (depending on F) 
such that 

Np{a,T)= |/? + z7:^</3<(7,0<7<r 

uniformly for o" > 1/2 and T > 2. 

Hypothesis Zp is known, with B = 1, for the Riemann zeta function 
and Dirichlet L-functions (Selberg [20], [21]), and certain degree 2 L- 
functions attached to cusp forms (Luo [13]). 
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The next tool wc require is an analog of (1.6). It is very similar to 
Proposition 1 of [19], and with small modifications to that proof we obtain 
the following result, which is nontrivial provided + x^l'^^'^ <C T. 

Lemma 2. Ltt FeS,x>1, T> 2, and let rix be a nearest integer to 
X. Then, for any £ > 0, 



+ Oe (x^+^^ log(2x) + x^+' logT + . 
V logxj 



Using Lemma 2 in place of Lemma 1 of [3] , Hypothesis Zp in place of 
Lemma 2 of [3] , and following the proof of Theorem 1 of [3] , we obtain a 
generalization of (1.4). 

Theorem 5. Let F E S. If a = ^^^^ for some prime number p and 
positive integers a,q with {a,q) = 1, define 



-2-Kiqkt 



k=l 



For other a, define gF,a{t) = for all t. If Hypothesis Zp holds, then 

V f{a^)=NF{T) f f{x)dx + T I f{x)gF,a{x)dx + o{T) (3.2) 
0<7<T Jt 

for all f € C^(T). Assuming RHp, (3.2) holds for all absolutely continu- 
ous f. 

Since Hypothesis Zp holds for Dirichlet L-functions L{s, x), we obtain 
the following. 

Corollary 1. Unconditionally, for Dirichlet L-functions F, (3.2) holds 
for allfe C^(T). 

When F{s) = L{s, x) and a = ""^^g ' with p prime, (a, q) = 1, we have 

logp / g27ri(gt+0 \ 
9F,a{'t) = ^ 



TT \p 



,a/2 _ g27ri(gt+0 I ' 
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where x{p) = e^^*^. It follows that there is a shortage of zeros of L{s,x) 
with {07} near k = 0, - ■ ■ ,q — I. We illustrate this phenomenon 

with three histograms of Mp(y;T), where 



Mpiy) 



Nf{T) 



l-yNF{T) 



0<7<T 
{a'y}<y 



F a Dirichlet L-function associated with a character of conductor 5 and 
T = 500, 000. For both characters, NpiT) = 946488. The Hst of zeros was 
taken from Michael Rubinstein's data files on his Web page. In Figure 
1 we plot for each subinterval / = [y,y + ^) the value of 500(Mi?(?/ + 
oOq) — Mpiy)) and also the graph of gF,a{y)- The characters are identified 
by their value at 2. 

We conjecture that (3.2) holds when / is the indicator function of an 
interval, and are thus led to the following generalizations of Conjectures 1 
and 2. Here Dp^a is the natural generalization of the discrepancy function 

Da. 

Conjecture 6. Let I be an interval of T. Then 

1 = mF{T) +T I gFA^)dx + o{T). 

0<7<T 
{a-y}el 



Conjecture 7. We have 
DfAT) = 



9F,a{x)dx 



+ 



Combining Theorem 5 and the proof of Theorem 1, we obtain the 
following. The only difference in the proof is that here we take 



Jo 



T7iw-5iogiogr 



27ra 



Theorem 6. (i) Assuming Hypothesis Zp, we have 

T 



DfAT) > 



gF,a{x)dx 



+ 



\\orT) 



(a) Assuming RHf, for any interval I of T we have 

Y 1 - m^FiT) -T j^gF,a{x)dx\ < a(l/2 + 9f)T + o{T). 



0<7<T 
{Q;7}el 
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We can prove a direct analog of Theorem 2, by requiring a slightly 
larger range of T in the analog of Conjecture 3, since Op niay be large. 

Conjecture 8. Let A > 1 be a fixed real number. Uniformly for 

2^i/(i/2+ei.) 

< a; < T^, 



log^r 
we conjecture that 

E ^'' = o{T). (3.3) 

0<7<T 

Theorem 7. Assume RHp. Then Conjecture 8 implies Conjectures 6 and 
7. 

The analog of Theorem 3 holds for F G 5, by following the proof given 
in the preceding section. Here we need an explicit formula similar to (2.4). 
By standard contour integration methods, one obtains 

Gf{x) ■=^AF{n) - dpx = - E — + 0{x^^ log x) 

n<x \p\<Q ^ 

provided Q > xlogx. Since Op < ^, the error term is acceptable. 

Conjecture 9. For every e > 0, if x is large and y < x^"*^, then 

Gf{x + y) - Gf{x) = o(xVlogloga;). 

Theorem 8. Assume RHf- Conjecture 9 implies Conjecture 8, and hence 
Conjectures 6 and 7. Conversely, if RHf and Conjecture 8 holds, then 
for all fixed e > 0, large x and y < x^~^ , 

Gf{x + y) — Gf{x) = o{x'2 log a;). 

In order to address an analog of Theorem 4, we first quote a Pair 
Correlation Conjecture for F, due to Murty and Perelli [18]. 

Conjecture 10. Define 



:Ff{x,t)= E 



0<7,7'<r ^ ' ' ' 

and Vf{x,T) = Tf{x,T)/Nf{T). We have Vf{T^'^'',T) ^ 9 tor < 9 < 
1 and P(r^'^^, T) ~ 1 for 6* > 1. 
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Notice that, as a function of x, J-f{x,T) is conjectured to undergo 
a change of behavior in the vicinity of x = T'^p . In order to deduce 
Conjecture 8, we can postulate a stronger version of Conjecture 10, with 
error terms of relative order o(l/log^T). We succeed, as in the proof of 
Theorem 4, when dp = 1- When dp > 2, however, this transition zone lies 
outside the range in which Lemma 2 is useful (Kaczorowski and Perelli 
recently proved that 1 < dj? < 2 is impossible [11]; it is conjectured that 
dp is always an integer). We can use an analog of Lemma 2, which follows 
by the same method (replace T>{x, T) with T>p{x, T)). However, in order to 
prove the right side is small, we require that 'Dp{x, T) has small variation, 
even through the transition zone x T'^f , Tsz Ho Chan [1] studied the 
behavior of T>{x, T) (for C(s)) in the vicinity oix = T assuming RH plus a 
quantitative version of the twin prime conjecture with strong error term. 
His analysis leads to a pair correlation conjecture with V^x, T) smoothly 
varying through the transition zone. We conjecture that the same holds 
for other F E S. 

Conjecture 11. For F e S, Vf{x,T) <^ 1 uniformly in x and T, and for 
any ^ > there is a c > so that 

\Vf{x + 6x,T) +Vf{x - 6x,T) - 2Vf{x,T)\ = o{T/\ogT) 

uniformly for T < x < and < 5 < (logr)^-^ 

Following the proof of Theorem 4 (take (3 = log T log log T, for exam- 
ple), we arrive at the following. 

Theorem 9. Assume RHp. Then Conjecture 11 implies Conjecture 8, 
and therefore also Conjectures 6 and 7. 

Acknowledgement. The authors thank the referee for carefully read- 
ing the paper and for pointing out several misprints and minor errors. 

References 

1. T. H. Chan, More precise pair correlation conjecture on the zeros of the Riemann 
zeta function, Acta Arith. 114 (2004), no. 3, 199-214. 

2. H. Davenport, Multiplicative Number Theory, 3rd ed.. Springer- Verlag, 2000. 

3. K. Ford and A. Zaharescu, On the distribution of imaginary parts of zeros of the 
Riemann zeta function, J. reine angew. Math. 579 (2005), 145-158. 

4. A. Fujii, On the zeros of Dirichlet L-functions, III, Trans. Amer. Math. Soc. 219 
(1976), 347-349. 

5. P. X. Gallagher and J. H. Mueller, Primes and zeros in short intervals, J. reine 
angew. Math. 303/304 (1978), 205-220. 



Imaginary parts of zeros of C(s)i H 



19 



6. D. A. Goldston and D. R. Heath-Brown, A note on the differences between con- 
secutive primes, Math. Ann. 266 (1984), 317-320. 

7. S. M. Gonek, An explicit formula of Landau and its applications to the theory 
of the zeta- function, A tribute to Emil Grosswald: number theory and related 
analysis, 395-413, Contemp. Math., 143, Amer. Math. Soc, Providence, RI, 1993. 

8. D. R. Heath-Brown, Gaps between primes, and the pair correlation of zeros of the 
zeta-function. Acta Arith. 41 (1982), 85-99. 

9. E. Hlawka, Uber die Gleichverteilung gewisser Folgen, welche mit den Nullstellen 
der Zetafunktionen zusammenhdngen, Sitzungsber. Osterr. Akad. Wiss., Math.- 
Naturnw. Kl. Abt. II 184 (1975), 459-471. 

10. J. Kaczorowski and A. Perelli, The Selberg class: a survey, Number Theory in 
Progress, vol. II, de Gruyter, Berlin (1999), 953-992. 

11. J. Kaczorowski and A. Perelli, Nonexistence of L-functions of degree 1 < d < 2, 
preprint. 

12. E. Landau. Uber die Nullstellen der (,-Funktion, Math. Ann. 71 (1911), 548-568. 

13. W. Luo, Zeros of Hecke L-functions associated with cusp forms., Acta Arith. 71 
(1995), no. 2, 139-158. 

14. H. L. Montgomery, The pair correlation of zeros of the zeta function, Proc. Sym. 
Pure Math. 24 (1973), 181-193. 

15. H. L. Montgomery, Ten lectures on the interface between analytic number theory 
and harmonic analysis. CBMS Regional Conference Series in Mathematics, 84. 
American Mathematical Society, Providence, RI, 1994. xiv+220 pp. 

16. H. L. Montgomery and K. Soundararajan, Primes in short intervals, Commun. 
Math. Phys. 252 (2004), 589-617. 

17. J. H. Mueller, On the difference between consecutive primes. Recent progress in 
analytic number theory, I, pp. 269-273. London, New York: Academic Press 1981. 

18. M. R. Murty, A. Perelli, The Pair Correlation of Zeros of Functions in the Selberg 
Class, Int. Math. Res. Not. (1999) No. 10, 531-545. 

19. M. R. Murty, A. Zaharescu, Explicit formulas for the pair correlation of zeros of 
functions in the Selberg class. Forum Math. 14 (2002), no. 1, 65-83. 

20. A. Selberg, Contributions to the theory of the Riemann zeta-function. Arch. Math. 
Naturvid. 48 (1946), 89-155; Collected papers, vol. I, 214-280, Springer, Berlin 
1989. 

21. A. Selberg, Contributions to the theory of Dirichlet's L-functions, Skr. Norske 
Vid. Akad. Oslo. I. 1946, (1946), no. 3, 62 pp.; Collected papers, vol. I, 281-340, 
Springer, Berlin 1989. 

22. A. Selberg, Old and new conjectures and results about a class of Dirichlet series. 
Proceedings of the Amalfi Conference on Analytic Number Theory (Maiori, 1989), 
Univ. Salerno, (1992), 367-385; Collected papers, vol. II, 47-63, Springer, Berlin 
1989. 

23. J. Vaaler, Some extremal functions in Fourier analysis. Bull. Amer. Math. Soc. 
(N.S.) 12 (1985), no. 2, 183-216. 



